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Abstract 
We introduce a new intrinsic notion of spread for toposes and geometric morphisms, and use 
it to give a “topological” characterization of Lawvere distributions on a topos. In the process, 
we relate spreads to zero-dimensional locales, and establish two new pure/spread factorizations 
for geometric morphisms. Our results are then applied to the study of the symmetric topos as 
a generalized lower power locale. In particular, we show that the symmetric topos is part of 
a Kock-Z&erlein 2-monad on toposes, give a new construction of bicomma squares in which 
the “lower” leg is an essential geometric morphism, characterize local connectedness in terms 
of the symmetric topos, and relate the symmetric and bagdomain constructions via the classifier 
of probability distributions. 
IYYI Muth. S&j. Cluss.: 18B25, lSC15, 54B30, 18A32 
0. Introduction 
The notion of a distribution on a topos was introduced by Lawvere [20, 211 as a 
generalization of the classical notion for topological spaces. Recall that for toposes 
8 and 9 over a base topos Y, a ~-WA& distribution on 8 is an Y-cocontinuous 
functor Csc + 9, i.e., a functor over 9 which preserves all Y-colimits. 
Distributions on an .Y-topos d may be viewed as Y-valued cosheaves on a site of 
definition for 8, and as such, Bunge [4] showed that they are classified by a topos 18. 
the .symmetric topos. Subsequently, an “algebraic”, rather than “logical”, construction 
of C6 was given by Bunge and Carboni [5], by analogy with the symmetric algebra 
construction. 
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Just as a sheaf on a topological space, or locale, admits a topological description 
as an &tale space, a cosheaf on a locale was shown by Funk [lo] to correspond to a 
complete spread with locally connected domain, this notion a generalization to locales 
of the original one introduced in 1957 by Fox [9]. Although the notion of a complete 
spread over a locale [lo] is “enough” to describe cosheaves on a site, provided one 
incorporates the action of a localic groupoid [4], an intrinsic description is possible 
and useful, as shown here. 
In Section 1 we formulate the notion of spread for geometric morphisms over a 
base topos in terms of dejkable morphisms in the sense of Barr and Pare [2]. We 
show that (geometric) spreads are, as in topology, fiberwise zero-dimensional. Here, 
zero-dimensionality is defined using the relatively complemented elements of a frame, 
a notion due to Jibladze and studied by Kock and Reyes [ 191. 
In Section 2 we introduce fiberwise versions of density and purity for geometric 
morphisms over a base topos. We establish the existence and uniqueness of a pure 
surjectionlspreud factorization in Top:/. It generalizes the factorization for continuous 
maps of Collins and Dyckhoff [8], and for the case of a Boolean topos 9, it has 
been considered already by Johnstone [ 131. Related to this factorization is the pure 
dense/complete spread factorization of a geometric morphism (but now uniqueness is 
subject to a proviso on the middle topos). The factorization theorems are obtained as 
corollaries of the characterization of distributions on a topos & as complete spreads 
over d with locally connected domain. This extends the localic version [IO], and is 
used in Section 3. 
There is an analogy between the symmetric topos and the lower power 
locale [6]. Both have similar “algebraic” constructions as coinverters [5]. Also, the pure 
dense/complete spread factorization of Section 2 parallels the strongly dense/weakly 
closed factorization of Johnstone [14] for sublocales, and whereas the lower power 
locale PL(X) classifies weakly closed sublocales of X with open domain [6], CG 
classifies complete spreads with locally connected domain. Further reasons for view- 
ing the symmetric topos as a generalized lower power locale are given in Section 3. 
We begin Section 3 by exhibiting C as part of a Kock-Zoberlein 2-monad [17, 281 
on To~,~,, obtained by mating from the corresponding op-KZ monad on A, the 
2-category of locally presentable categories, as discussed in [5]. We denote the 
symmetric construction on Top:/ by A4 (for generalized measures) 
and the unit of the corresponding KZ-monad on Top,~ by 6 (for the Dirac 
delta). 
The characterization of distributions established in Section 2 can be used to con- 
struct the bicomma square of a diagram of toposes in which the “lower” leg is an 
essential geometric morphism, first done by Pitts [26]. This construction is linked to 
an interpretation of the equivalence between points of the symmetric topos and com- 
plete spreads with locally connected domain as being given by the bicomma square in 
which the lower leg is the unit of the symmetric monad. The localic analogue of this 
result is Vermeulen’s proof [30] that the characterization of the points of the lower 
power locale [6] can be similarly obtained. 
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We show that a topos 8 over Y is locally connected if and only if the representable 
fibration on Top:/ associated with M6 has a terminal object (equivalently, MS is 
totally connected [l, IS]). This is analogous to the characterization of openness for 
locales in terms of the lower power locale given by Vickers [32]. 
The bagdomain topos 8~67, defined by Vickers [31] and elaborated upon by 
Johnstone [ 161, can also be regarded as a generalized lower power locale, for rea- 
sons other than the ones given above for the symmetric topos. Therefore, it seems 
natural to seek a connection between M and 2~. Beyond those remarks already made 
in [6] to that effect, we prove here that 
MB ” .&%L(c(a)), 
where Cc” is the topos classifier of probability distributions on 6, and which we con- 
struct. A distribution 8 + 9 is said to be a probability distribution if it preserves 
the terminal object. In terms of complete spreads, probability distributions correspond 
to those with connected locally connected domain. In order to establish (1 ), we show 
that the fibration of complete spreads is the free coproduct completion of the fibration 
of complete spreads with connected domain. 
The topos 2~8 classifies a certain type of distributions on 6, namely those which 
preserve pullbacks. i.e., those which are partial points of 8. But also, as shown 
in [ 16, 311, St_8 classifies bags of points of Q, and these correspond to what we 
call complete spreads whose domains have totally connected components. We end 
Section 3 by posing a question concerning a related construction which involves the 
finite connected limit completion of a small category. 
1. Spreads and zero-dimensional locales 
The notion of a spreud is due to Fox [9]. In topology, a spread is a map Y L X, 
with Y locally connected, having the property that the components of open sets ,f’-‘I/. 
for U open, form a base of Y. We begin this section by formulating this idea for 
geometric morphisms in terms of the notion of a definable morphism [2]. Then we 
show that (geometric) spreads are, as in topology, fiberwise zero-dimensional, where 
we define zero-dimensionality in terms of relatively complemented opens [ 191. 
Recall that a geometric morphism 5 5 r/I’ IS said to be bounded [ 11, 241 if there 
is a K E 5’ and a morphism D + y*K in *7, said to be a generating jizmily (for .T 
over S’), such that for every X E y-, there is a morphism I 5 K and an epimorphism 
A + X, where 
A-D 
1 1 
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is a pullback. The geometric morphism ‘/ is said to be localic if the family D + y*K 
can be taken to be the left side of the pullback 
Let Top denote the 2-category of elementary toposes, bounded geometric morphisms 
and natural transformations (between inverse image functors of geometric morphisms). 
If Y is an elementary topos, let Top<, denote the corresponding 2-category of 
(bounded) toposes and geometric morphisms over 9’. 
Let 8&Y denote an arbitrary geometric morphism in Top. A morphism E A E’ 
in 6 is called .Y-d@zabIe [2], or just dejinable, if it arises as a pullback 
h 
E - E' 
e*I - e*J 
e’u 
for some morphism I 5 J in Y. The pullback of a definable morphism is again 
definable, but the composite of two definable morphisms need not be so. 
Definition 1.1. In a diagram 
in Top, cp is said to be a spread over Y if there is a generating family E -+ cp*F for 
Q over d which is Y-definable. 
We emphasize that in Definition 1.1, since the morphism E -+ cp*F is required 
to be definable, the notion of a spread is given relative to a base topos. Never- 
theless, we omit reference to the base topos when this is clear from the context. 
Spreads are, by definition, bounded. Proposition 1.3 below shows that in fact they are 
localic. 
The following facts are immediate consequences of the definitions. 
Proposition 1.2. 1. For any topos G over 9, the identity 8 A 6 is a spread over 9’. 
2. If dLF is any spread over 9, and .T & ty is any subtopos, then the 
composite cp i is a spread. In particular, any inclusion is a spread. 
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3. [f’ 0 composite B 2 3 5 5 is u spread, then I) is a spread. 
4. lf’ .!f 3 JY 3 9 are spreads, and if dejinablr morphisms compose in X, then 
the composite $ cp is u sprecrd 
Consider the morphism, labeled r, defined by the pullback 
If the characteristic map 
is a definable morphism. 
of a monomorphism S - E factors through r, then S - E 
Conversely, if S - E is definable, then it is definable by a 
monomorphism I - J in Y, and hence, the characteristic map of S L--, E must factor 
through t (though this factorization may not be unique). A definable monomorphism 
will also be referred to as a dejnable subobject. 
Proposition 1.3. For ~7 5 9 oz’er Y, the fbllowing we equiculent. 
1. cp is (I sprerrd. 
2. For ecerj* X E 8, there is F’ E 9 and a diugram 
where c is a definable subobject. In particular, spreads are localic> 
4. The left side of the pullback 
generules B ouer CP. 
Proof. 1 + 2: This follows immediately from the definitions and the fact that definable 
morphisms are pullback stable. 
M. Bunge, J. Funk1 Journul of Purr and Applied Algehm 113 (1996) I-38 
2 + 3: Suppose that the pullback 
e”l - e*.J 
e*x 
witnesses that c is definable. Then 
(1 I I I x 17 
e*I > 
(I.e’x) 
9 e*lxe*J 
is a pullback, and therefore the monomorphism (a,~) is definable. 
3 =+ 4: For any X F: 8, there is a pullback 
C - e*l 
I I e*l 
@F' - e’Q 
‘, 
and an epimorphism C 4 X, and this square factors as 
which gives the desired conclusion. 
4 =+ 1: S + q*cp*e*@/ is definable. 0 
If A4 is a complete join-semilattice in a topos 9, then a morphism K + M .sup- 
generates A4 when QK + GM s M is an epimorphism. This condition is equivalent 
to being a generating family in the sense of indexed categories [24]. If A4 is a frame 
O(X) and S/z(X) 5 B is its topos of sheaves, then K ---f G(X) = cp,sZ~ sup-generates 
iff the subobject F pi cp*K corresponding to the transpose cp*K ---f Qx is a generating 
family for S&Y) over 9. 
Proposition 1.4. A geometric morphism & 3 S over .Y is u spread ifs cp is lorulic 
and the morphism 
q*t : q*e*QY, + cp*QJ 
sup-generutes the jkme cp,.%. 
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Proof. See Proposition 1.3(4), and the preceding remarks. 0 
If in the domain topos the composite of two definable subobjects is again definable, 
then spreads can also be described as follows. For example, this condition holds when 
the topos is locally connected, or when the base topos is Boolean (see [2]). 
Proposition 1.5. For 6 --% F over 9, assume that the composite of two dejinable 
subobjects in & is again dejinable. Let D -+ f *K be an arbitrary generating family 
fbr F over Y. Then cp is a spread iflfor every X E b, there is I E Y and a diagram 
where c is a definable subobject. 
Proof. Assume that cp is a spread. Then for a given X E 6, there is an object F’ t SF, 
and a diagram 
where s is a definable subobject. For this F’, there is in B a diagram 
f’“r I I a 
f*K-D, 
where the square is a pullback. Apply ‘p* to this diagram, and let c be the composite 
of the pullback of s along cp*b, which is definable, and (cp*d, q*a), also definable (see 
the proof of Proposition 1.3, 2 =+ 3). 
The converse is immediate since e*Z x cp*D N cp*(f *I x D). 0 
Proposition 1.5 says that when definable subobjects compose in the domain topos, 
a spread can be (informally) described as a geometric morphism cp with the property 
that for any generating family D -+ f *K for 9, the collection 
{A] there is a k E K and a definable monomorphism A - cp*Fk, Fk ED} 
generates d over 9. Furthermore, we can describe in these terms what is meant by a 
complete spread. To do this, let (D, Jf) denote a site for 9 over 9, and let X denote 
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a locale in 9. Then d = ShF(X) 5 9 has a site description over 9 as a continuous 
jibration [23] 
The objects of D w O(X) are pairs (F,A), where FED and A -+ (P*F is a subobject. 
The morphisms (F, A) -+ (G,B) are pairs (x, a) such that 
P:DwO(X)+D; (F,A)wF. 
commutes in 8. Covers are collections {(fi,Ai) -+ (F,A)} such that {Ai + A} is 
an epimorphic family in 6. Let C denote the full subcategory of D w O(X) deter- 
mined by those (F,A), such that A w cp*F is a definable subobject. This category 
becomes an Y-site (C,J,) by declaring that a family in C is a covering iff it is a 
covering family when regarded in D w O(X). There is induced a continuous fibra- 
tion 
P:C-+D, 
and in the case that definable 
of sheaves on this site gives 
subobjects compose in 
8. Let (C,&) denote 
gory C, but equipped with the Grothendieck topology generated by those 
tions {(fi,Ai) -+ (F’,A)} such that {fi ---f F} E Jr, and such that for each i 
agram 
8, cp is a spread iff the topos 
the site with underlying cate- 
collec- 
the di- 
(1) 
is a pullback. For such a collection, {A; ---f A} is an epimorphic family in 6, so that the 
identity functor on C is the underlying functor of a site morphism (C, J,-) -+ (C,J,). 
The term “complete” was used in [9] for the topological version of the following, 
hence we adopt it as well. 
Definition 1.6. In the above notation, d -% 9 will be said to be a complete for 
(D,Jf) if (CJS) --t CC,41 
Sh( C, Jf). 
is a site isomorphism, i.e., if Sh(C,J,) is equivalent to 
Example 1.7. Let Y denote the subspace ((0,~) 1 - 1 5 y 5 1) U {(x, sin l/x) In > 
0) of the real plane. Let X denote the subspace {(x, sin l/x) 1 x > O}. It is clear that 
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XL~ Y is a spread, but note that it is complete, i.e., that the collection of “cogerms” 
above any point y E Y is in bijection with its fiber. A cogerm above y E Y is a 
consistent choice of components of inverse images of opens of X which contain 
Y [lOI. 
Proposition 1.8. Let c” 5 9 be localic, and let (D,.Jf) be a site for F over 9 with 
jinite limits. Then there is a factorization 
Proof. If D has finite limits, then so do C and D w O(X), and there is a finite limit 
cover preserving functor i.e., there is a site morphism, 
C+ DwO(X). 
Note: C has binary products since the intersection of 
definable. The geometric morphism p is induced by this 
induced by the continuous fibration (1). 0 
two definable subobjects is 
site morphism, and $ . i is 
In Section 2 we will investigate the above factorization in detail, and with different 
methods, when the topos d is locally connected. We will see that in this case the 
factorization does not depend on the choice of presentation for B over Sp (nor does 
completeness - see Definition 1.6). 
In the remainder of this section we show that spreads are zero-dimensional, in a 
sense relative to the base topos. In order to define zero-dimensionality we recall the 
notion of a relatively complemented element of a frame [ 191. Consider our setting of 
a diagram 
in Top. We assume that cp is localic, i.e., that B is equivalent to the topos of sheaves 
over F on the frame cp*&. There is the composite morphism 
f ‘s2.y z .Q$F + cp,sz& 
where the second morphism is the unique frame map. Referring to this morphism, we 
have the object of Y-complemented elements of (p*QJ: 
Clp,(cp&) = {U 6 (P*% I T = V{ U * w I co E .f*G}}. 
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Our aim is to show that if cp is a spread, then cp is zero-dimensional in the following 
sense. 
Definition 1.9. A localic geometric morphism 8 -% P over Y will be said to be ZOO- 
dimensional over Y if the frame cp,sZg is sup-generated by its sublattice Clp,(cp,&). 
We begin our analysis with a description of the objects (PROOF in terms of “flat 
functions”. 
Definition 1.10. For any locale X in a topos 9, a morphism F 3 O(X) in F will 
be referred to as jlat, or as a flat function, if its unique sup-lattice extension x*: 
is a frame homomorphism (i.e., if CI* preserves finite infima). 
Flatness has the following characterization. 
Proposition 1.11. A morphism F 5 O(X) isjat ifs 
1. TX = v{c@) Ix E F}. 
2. ‘v’x, y E F, z(x) A cc(y) = v{ V / V = a(x) A x = y}. 
Proof. The sup-lattice extension of c( is given, for S E SZy’, as 
a*s = V{cc(x) 1 x E S} 
Clearly a* preserves T iff c( satisfies 1. The preservation of binary infima by a* reduces 
to the condition 
V&Y EF, =*1x> A u*{Y> = H*({x> r-{Y)), 
which, in turn, reduces to 
This condition translates directly into condition 2. 0 
Proposition 1.12. For any FE 9, cp*q”F is canonically isomorphic to {N E (cp,Q~)~ 
1 M is flat}. 
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Proof. For any E E 9, we have natural bijections 
morphisms E + (P*(P*F 
morphisms cp’E -+ cp*F 
geo. morphisms &lcp*E --+ &/(p*F over & 
geo. morphisms d/cp*E - 9/F over p 
frame morphisms ti 4 cp*(!&+’ E, N (cp*s2,)E 
flat morphisms F -+ (q~*Qg)~ 
morphisms E -+ {LX E (cp*S2g)F 1 CI is flat }. 0 
We are specially interested in the case where F is f *Q,y in Proposition 1.12. In this 
case the following additional information is available. For convenience, we abbreviate 
!& to sz. 
Lemma 1.13. Any $at function f ‘Sz 3 O(X) in 9 satisfies 
1. a(T) = V{o A ( )I a w co E f *!A}, where w E f *B is regarded in C(X) via the 
morphism f *Q 2 0.p 4 O(X), and 
2. V’o E f *Q, U(O) 5 (a(T) H CO). 
Proof. 1. In the frame Q,~-f*o we have 
IT) = U{o n {w) I OJ 6 f *Q>, 
where {.} : f*s) + L?pf*“. Indeed, referring to the pullback 
(2) 
l-l 
1-I iT 
.f*Q 7-+Q .F ) 
for any A E f ‘Q we have 1, E o n {o} for some w E f *sZ iff z(o) = T and i = w 
for some w iff m = T and A = w for some o iff 3. = T iff i E {T}. The conclu- 
sion now follows by applying the unique frame extension c(* to (2) noting that the 
map 
is equal to f *Q --L 529 --f O(X). 
2. Fix w E ,f*Q. By 1, we have a(w) < o =+ a(T). On the other hand, by Proposi- 
tion 1.11, 
Therefore, M(W) < a(T) =s w. 0 
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value at T is U. It is flat as condition 1 of Proposition 1.11 is immediately satisfied. 
For condition 2, observe that for any w, o’ E f ‘R, we have 
which by the openness of cp is equal to 
(U@~o)AV{WEO(X)I rC0 = rw’} = V{ w A (U H w) 1 Q = cd}, 
where f*Q A Q.q is by assumption a monomorphism (subopenness of f). But clearly 
V{W~(U@~o)I w=o’}~v{V](V=(U~~))A(w=o’)}. 0 
2. The pure/spread factorizations on Topy 
In this section we will establish two factorizations, the pure surjection/spread and the 
pure dense/complete spread, for geometric morphisms in Top9 with locally connected 
domain. In the process, we characterize the category of distributions on a topos [20] 
(see also the Introduction) in terms of complete spreads, a result we will use also in 
Section 3. 
To prepare for the factorization theorems, we define the notions of 
pure and dense for geometric morphisms and establish some of their basic properties. 
We are specially interested in the case when the domain topos is locally 
connected over the base topos. The definitions that follow refer to the 
diagram 
of geometric morphisms. 
Recall that a locale morphism X A Y is said to be strongly dense [ 141 if for all 
o -+ 1, the unit w 2 g+g*w is an equality. Suppose that the geometric morphism cp has 
the analogous property that for all o -+ 1 in 9, f*o -+ (P*(P*~*w is an isomorphism, 
and consider, for I E Y, the unit f *I + q*cp*f*I. n a topos, coproducts are disjoint, 
i.e., two elements i, j E IJI 1 = f”1 are distinct to the extent of their pullback over f*I. 
From our assumption we deduce that cp,rp*i and rp,q*j are distinct in (P+(P* f ‘I to the 
extent that i are j are distinct. This says that f *I + (p*(p* f Z is a monomorphism, 
and it motivates the following. 
Definition 2.1. We will say that cp is dense over S, or simply dense, if for every I E Y, 
the unit f *I + cp*cp* f I is a monomorphism. 
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If, for example, cp is a surjection, then tp is dense over Y. Another class of geometric 
morphisms which are dense in this sense are those cp for which the direct image functor 
cp* preserves ,Y-coproducts as an Y-indexed functor. This means that for all morphisms 
I-f+J in Y, 
commutes. It is easy to see that cp+ preserves Y-coproducts iff for every I E Y, the 
unit f *I + q,q* f *I is an isomorphism. 
Proposition 2.2. cp is dense over Y ifs f *sZ -+ (pe(p* f Q is a monomorphism. 
Proof. Assume that f *CJ -+ q*(p* f *Q is a monomorphism. Then for any A E 9 , the 
map 
cp* : F(A, f *CL?) -+ F(A, q,e*Q) = &(p*A,e*Q) 
is injective. Fix Z E Y. To show that the unit f *I --) cp*q* f *I is a monomorphism, 
let A 5 f *I and A 5 f */ be two morphisms equalized by the unit. The equalizer of 
a and b is a definable subobject as it can be obtained as the pullback 
I (a,b) 
f*1 f’s -f*(ZxZ) 
where 6 is the diagonal. Let m denote a factorization of the characteristic map of this 
subobject through f *sZ. We have cp*E = cp*A since the unit is assumed to equalize a 
and b. Therefore, q*(m) is equal to the morphism cp*A + 1 5 e*G?, and so m is equal 
to A + 1 5 f *Cl. Thus, E = A, whence a = 6. 0 
Collins and Dyckhoff [8] refer to a map of topological spaces f : X ---) Y as 
hereditarily 2-extendable if for every open set U of Y, every clopen subset of f -' U 
is the inverse image of a clopen subset of U. For geometric morphisms, we formulate 
this property as follows (cf. [13]). 
Definition 2.3. A geometric morphism 6 --% F will be said to be pure over S, or 
simply pure, if the unit f *!2 + cp* cp* f *Q is an epimorphism, where Q is the subobject 
classifier of ,Y. 
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Proposition 2.4. 1. A geometric morphism & A9 over Y is pure dense ifs f 'Q + 
(p*(p* f Cl is an isomorphism. 
2. The composite of two pure dense geometric morphisms is pure dense. If q (I 
and I/J are both pure dense, then so is cp. 
3. A pure dense spread is an inclusion. A pure surjection which is a spread is an 
equivalence. 
Proof. 1. By Proposition 2.2. 
2. 
3. 
then 
These facts follow easily from 1. 
Let 8 5 p be an arbitrary geometric morphism over Y. If cp is pure dense, 
the top arrow in the commutative square 
,f*S2 - cp,e*S2 
is an isomorphism. The bottom arrow is the unique frame morphism. If in addition 
cp is a spread, then (cp is localic and) (P*Q sup-generates rp,& (Proposition 1.4). 
Therefore, 0,~ sup-generates cp*Og, so cp must be an inclusion. The other assertion 
follows immediately from this. 0 
Recall [2] that a geometric morphism y 2 y’ . IS said to be locally connected if ;‘* 
has a left adjoint over r’. In this case, we denote the left adjoint by 71, and the unit 
of ;‘! -1 y* by y. “Over r”’ means that y!(y*I X~*K B) -I XK y!B, i.e., if the left-hand 
square below is a pullback, then so is its transpose. 
Also, r{( Y + y*Z) is canonically isomorphic to the transpose “/! Y + I. If a morphism 
A 3 B in y is r/-definable, i.e., if there is a pullback as shown below (left), then it 
follows that the right-hand square below is a pullback. 
In other words, in the locally connected case, definable morphisms are definable by their 
components. From this, one immediately deduces that in the locally connected case, 
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(i) the composite of two definable morphisms is again definable. In addition, (ii) if y 
is locally connected, then the morphism r : y*Qp 4 sZ,- is a monomorphism (locally 
connected geometric morphisms are subopen - see [2]). Thus, there is a bijection 
between definable subobjects of an object X E .Y and morphisms X + y*Q,-/. Finally, 
from the natural bijections (writing Q for 52~)) 
we see that (iii) for every X E r, there is an object y!X and a lattice isomorphism 
y*(y*@)- s2YNX. Intuitively, this isomorphism says that the definable subobjects of 
X are exactly (the unions of) sets of components of X. A result [2] which will 
be important to us (see Proposition 2.7 below) is that not only are conditions (i), 
(ii) and (iii) necessary for local connectedness, but that they are also 
sufficient. 
Before proceeding with the factorization theorems we present the following results. 
They will not be further used in this paper. 
Proposition 2.5. Let & -% 9 be a geometric morphism over Y which is locally 
connected. 
1. If cp is a spread, then cp is a local homeomorphism. 
2. Assume that 9 z 9 is subopen. If cp is localic and zero-dimensional, then cp 
is a local homeomorphism. 
Proof. 1. Factor cp as & L p/cp! 1 + 9, where $ is connected and locally con- 
nected. Connected geometric morphisms are pure, so $ is a pure surjection. But if cp 
is a spread, then $ is one as well (Proposition 1.2(3)). Thus, the spread $ is a pure 
surjection, hence an equivalence (Proposition 2.4(3)). 
2. Since locally connected geometric morphisms are open, the statement follows by 
Proposition 1.17 and 1. q 
Definition 1.9 declares, in the special case that the codomain topos 9 is taken to 
be the base topos, that a locale X in a topos is zero-dimensional if the object 
sup-generates the frame Lo(X). 
Theorem 2.6. A locally connected zero-dimensional locale in a topos is discrete. 
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Proof. If X denotes a locally connected zero-dimensional locale in a topos 9, then 
we can apply Proposition 2.5(2) to the diagram 
Returning to the factorization theorems, we will consider only the case when e in 
‘ cp 
* .F 
i / 
e .f 
9 
is locally connected. We will refer to a geometric morphism G 5 F over 9 for 
which e is locally connected as having locally connected domain. 
If cp has locally connected domain, then it follows from Proposition 1.5 and condition 
(i) above that cp is a spread iff for any generating family D 4 f *K of 9 over Y, 
there is for every X E 6 a diagram 
in which (qc,c) is a definable subobject. 
The following proposition is important for the factorization theorems. It will also be 
used in Section 3 (Proposition 3.12). We remind the reader that in a topos F --% Y, 
the union of an P-family of subobjects S -+ y*1 x T is its image under the projection 
y*Z x T ---) T. 
Proposition 2.7. Assume that d 5 F has locally connected domain. Then cp* pre- 
serves Y-coproducts (as an Y-indexed functor) ifs f is locally connected and the 
canonical morphism e! ’ cp* + f! is an isomorphism. In this case, cp is pure and dense 
over 9. Conversely, if cp is pure and dense over P and tf in F the union of an 
P-family of dejnable subobjects is again one, then cp+ preserves P-coproducts. 
Proof. The direct image functor cp* preserves Y-coproducts iff the unit f * + (p*(p* f * 
is an isomorphism. We have e!cp* i cp,cp*f *, so f! exists and e!cp* N f! iff f * = (p*(p* 
f *. Clearly, such cp are pure and dense over 9. 
Assume that cp is pure and dense over 9, i.e., that f *a = cp*e*R, and that the given 
condition on F holds (and also that e is locally connected). We will show that f 
satisfies conditions (ii) and (iii) above, and that definable subobjects compose in B. 
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Then together with the hypothesis that the union of an Y-family of definable subobjects 
is again one (see Example 2.8 below) we obtain that f is locally connected and that 
e!q* =f! [2, Proposition 131. For (iii), we have, using that e is locally connected, that 
for any I E 9, X E 8, 
et(e*Z X fp*X) --f !2 
For (ii), we have the commutative diagram 
f *sz - q*e*Q 
where the bottom arrow is the unique frame morphism. The top arrow is an isomor- 
phism, so 25 is a monomorphism. Finally, let S cs F be a definable subobject in 
F’. There is a morphism F + f *Q making the back face in the following diagram a 
pullback. 
s, ,F 
The unit arrows in the bottom face of this diagram are isomorphisms, so the bottom 
face is a pullback. From this we conclude that S c-) F if definable iff cp*S L--) cp*F is 
definable and the top face in the above diagram is a pullback. It follows that definable 
subobjects compose. 0 
Example 2.8. The inclusion of X -+ Y of Example 1.7 is pure dense, and X is locally 
connected. However, Y is not locally connected. Clearly, the condition in Proposi- 
tion 2.7 that the collection of definable, i.e., clopen, subsets of every open of Y be 
closed under arbitrary union is not satisfied (consider the open disk centered at (0,O) 
of radius i). It was noted in Example 1.7 that this map is also a complete spread. 
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Thus, in general, it is not true that a pure dense complete spread is an equivalence. 
(This is so, however, if in the codomain topos the union of an Y-family of definable 
subobjects is again one - see Theorem 2.15.) 
Proposition 2.9. Let & 59 be an inclusion with 9 1’Y locally connected. If i, 
preserves Y-coproducts, then d -% Y is locally connected with e! = f! i,. We also 
have e! i* yfi. 
Proof. If the unit f + 4 i,i* f * is an isomorphism, then we have an indexed adjointness 
f!.i* -Ie*. The second statement follows from Proposition 2.7. 0 
We will obtain the factorization theorems by first establishing a characterization of 
Lawvere distributions in terms of complete spreads (Theorem 2.13 below). For toposes 
p, 99 over Y, a functor 9 - Y over Y is said to be cocontinuous if it preserves 
ali S”-coiimits. Let Cocts&S,g) denote the category of cocontinuous fimctors with 
natural transformations over Y as morphisms. 
Fix a presentation (D,Jf ) of S AY. We associate with a x E Coctsy(F, Y) (i.e., 
to a distribution) the pullback 
(1) 
in Topy. The geometric morphism u is that induced by the discrete opfibration C 5 D, 
where C is the total category of the ftmctor 
D --+ Y-&Y. 
The topos 9~ -% Y can be described as sh( C,Jd), where Jd denotes the Grothendieck 
topology on C generated by the following covers R-‘c. For any Jf-cover R = {Xi 2 
X} and any c E x(X), we define 
R-‘c = {(&d) 2 (Xc) Ix, E R and x(xi)(d) = c}. 
Proposition 2.10. For any cocontinuous functor x, 9x5~7 is locally connected, we 
have d! . x* 2 x, and 9~ A g is a spread which is complete for (D, Jr) (Defini- 
tion 1.6). 
Proof. For the first assertion, we begin by showing that rr+ (see diagram ( 1)) preserves 
Y-coproducts, or in other words, that the constant presheaves are sheaves. For any 
c E x(X), R E Jf, the cover R-‘c is connected and inhabited as it is the preimage of 
c under the diagram {x(x) 1 x E R} and since the induced morphism leRx + x(X) 
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is an isomorphism. This morphism is an isomorphism since x 
C!(R-‘c) p 1, and for any constant presheaf C*I, we have 
R-‘c --+ C*I 
G(R-‘c) + I 
(1996) I-38 
is cocontinuous. Then 
l+Z 
c&Y, c) --+ I 
(X,c) + C’I 
This shows that CZ is a sheaf. By Proposition 2.9, since presheaf toposes are locally 
connected, d must be locally connected and d! . rc* = Cf. 
Next, for any X E D, we have 
d!X*(X) N d!X*i*i,(X) =d!n*u*i*(X) = C!u*i,(x> 
Therefore, d! . x* - x. 
For the last assertion, it is not hard to see that, regarding .GSx 5 p, the toposes 
of sheaves for, respectively, the spread site for (D,Jf ), the complete spread site for 
(D,Jf) (see Definition 1.6) and the site (C,Jd) (i.e., 531) are equivalent. We omit the 
details of a precise argument. 0 
Consider the functor LI which associates with a diagram 
with e locally connected, the cocontinuous functor A, = e! . cp* : B - Y. 
Proposition 2.11. The passage 3: H 9~ is right adjoint to A, i.e., there is a bijection 
geometric morphisms G --+ 9%~ over 9 
natural transformations A, 4 x ’ 
which is natural in &LF with locally connected domain, and in x E Cocts,y(F,.Y). 
A spread 8 2.F is complete for (D, Jr) lfl d ” 9A,. 
Proof. The bijection is as follows. A natural transformation t : Arp -+ x gives the 
geometric morphism St . yvp, where the unit ncp : G - GSA, is obtained as the 
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universal morphism arising from the commutative square 
(2) 
The geometric morphism v is that induced by the flat functor V : C - d such that 
for c E e!(cp*X), V(X, c) is the pullback 
where the right-hand vertical arrow is the unit of e! -I e*. The return passage associates 
with a diagram 
the natural transformation /1$ : e! . cp* --f d! . x* N x. 
For the other assertion, if d 5 F is a spread which is complete for (D,Jf ), then 
it follows that diagram (2) is a pullback, i.e., that G ” ELI,. 0 
If (D’,Ji) is any other presentation of F-, then the corresponding functor x H 9’~ 
is also right adjoint to A. Therefore, $3 E 9’. In particular, a spread with locally 
connected domain is complete for some site for 9 iff it is complete for all sites for 
9. We make the following definition. 
Definition 2.12. A spread & 5 9 with locally connected domain will be said to be 
complete if it is complete for some (and hence, any) choice of a site for 9. 
We summarize the above results. 
Theorem 2.13. Let F z Y denote an arbitrary bounded topos. There is an equiv- 
alence between the category of complete spreads with codomain B and with locally 
connected domain, and the category Coctsy(.F, 9). This equivalence associates with 
a complete spread d --% 9 with locally connected domain the cocontinuous junctor 
e! . cp*. It associates with a cocontinuous functor F &Y the pullback in Top.9 as 
in diagram (1). 
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Remark 2.14. If F is the topos of presheaves of a small category D in 9, then the 
complete spread over 9 = YDop corresponding to a cocontinuous timctor YDap --% 
Y is the geometric morphism Ycop - YDop induced by the discrete opfibration 
corresponding to x. 
We state the following theorems for localic geometric morphisms. Corresponding 
results for arbitrary (bounded) geometric morphisms can be obtained by applying the 
hyperconnected/localic factorization, and then recognizing that (hyper)connected mor- 
phisms are pure surjections. 
Theorem 2.15 (Pure dense/complete spread). Any localic geometric morphism &L 
F with locally connected domain has a factorization d -? 9 5 .F, where ~3 is 
locally connected, n is pure dense, and x is a complete spread. 
Let d 5 3 5 F be an arbitrary factorization of y in which p is pure dense, 
3 has the property that the union of an Y-family of definable subobjects is again 
definable, and cp is a spread which is complete for some choice of site for 9. Then 
?? is locally connected, cp is complete, and the given factorization is equivalent to the 
one specijed in the existence statement. 
Proof. Consider the factorization d 5 9~ &F constructed in the proof of Proposi- 
tion 2.11. What remains to be shown is that the unit v is pure dense. We have 71. q = v 
and d! N C! . TC* (see the proof of Proposition 2.10). We also have e! . v* N C! since these 
two timctors are cocontinuous and they agree on the generating category C. Therefore, 
and so by Proposition 2.7, q is pure dense. 
Turning to the uniqueness statement, by Proposition 2.7, 9 is locally connected 
with g! =e! . p*, and cp is a complete spread (Definition 2.12). But e! . q* -d!, and 
g!cp* ? d!X* follows. Then, by Theorem 2.13 we have 9~ % Y over 9. 0 
Example 2.16. 1. The pure dense/complete spread factorization of an inclusion is not 
necessarily an inclusion. A cookie cutter works by factoring into a pure dense map 
followed by a complete spread the inclusion of the plane minus a circle into the 
plane. The resulting middle space consists of the cookie and the remaining dough. The 
complete spread maps the cookie back to the space it left, and it is not an inclusion. 
(This is an example of Michael’s [22] concept of a cut.) 
2. The comprehensive factorization [29] E --f C --t D of a fimctor E f, D into 
an initial ftmctor followed by a discrete opfibration induces the pure dense/complete 
spread factorization YEoP -+ Ycap - YDap of the induced geometric morphism 
f : yEop - pop. The objects of C are all pairs (d, a), where d ED and c1 is a 
connected component of the comma category f/d. A morphism (d, a) 2 (d’, p) is a 
morphism d 2 d’ in D such that /I is the connected component of f(e) -% d 1 d’ in 
f Jd’, where a is the connected component of f(e) $ d in f/d. (The dual factorization 
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of f into an final functor followed by a discrete fibration induces the factorization 
yEOQ - YDo”/f;l - YDop, where fl if*.) 
Corollary 2.17. Let & % 9 be a localic pure surjection over Y with locally COFZ- 
netted domain. Then the codomain B is locally connected. 
Proof. Consider the pure dense/complete spread factorization d L 9 -& p of cp 
in which 9 is locally connected (Theorem 2.15). The geometric morphism x is pure 
dense (Proposition 2.4(2)). Since cp is a surjection, x is a pure surjection and also a 
spread. Therefore, x is an equivalence (Proposition 2.4(3)). 0 
In general, the pure dense/complete spread factorization is not unique. Were that so, 
then a pure dense complete spread would be an equivalence and that is not generally 
the case (see Example 2.8). On the other hand, the pure surjection/spread factorization 
is unique. 
Theorem 2.18 (Pure surjection/spread). Any localic geometric morphism over Y with 
locally connected domain has a unique factorization into a pure surjection followed 
by a spread. The middle topos in this factorization is locally connected. 
Proof. In any factorization 8 z 9 -& 9 of a pure geometric morphism in which i is 
an inclusion, p is pure (as follows easily from the definition of pure). Now factor the 
pure dense part of the previous factorization into a surjection followed by an inclusion. 
For SAL@, this gives a factorization 
cp I I i 
where p is a pure surjection and $ . i is a spread (Proposition 1.2(2)). By Corol- 
lary 2.17, the topos 9 is locally connected (as is 9). 
For the uniqueness of the factorization, let &’ L 9’ -% 9 be any pure surjection/ 
spread factorization of cp. Then 9’ must be locally connected, and so we can apply 
the pure dense/complete spread factorization to p to give 
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where 9’ is locally connected. Then i' . p’ is pure dense as it is the composite of two 
pure dense morphisms, and so 9’ % 9 over 9. Since p is a spread, so is i’, and 
therefore. i’ is an inclusion. This allows us to conclude that 9’ ” 9 over P. 0 
3. The symmetric monad on Top,~ 
Recall that the symmetric topos construction [5] is part of an op-KZ-doctrine [ 17, 
281 on the 2-category A of locally presentable Y-categories, Y-cocontinuous mnctors, 
and natural transformations. The biadjoint pair 
~,E:C~U:TO~.~~~-A (1) 
is 2-monadic. This says that a locally presentable Y-category d is the “frame” Ud 
of an Y-topos d if and only if its structure 19.d : UCd - d’ is an Y-cocontinuous 
coreflection of the unit q.d : A - UC&, and that an Y-cocontinuous functor F : 
U& - U8 is a C-homomorphism if and only if F is lex. 
Consider now the C construction, but restricted to (frames of) Y-toposes and their 
morphisms. Taking opposites, (1) induces a 2-monad on Topic. A change of notation 
is called for, not only to avoid confusion, but to indicate a switch from an algebraic to 
a geometric point of view. Denote by A4 : Topic - Topy the composite C”PUop, and 
by 6 : Id + M the natural transformation rot’. For an Y-topos 6, 6 = bg : & - Md 
is the essential geometric morphism with U(&) = OUR, U(6*) = Bug, and U(6*) its 
right adjoint. Since 0~8. ylug = 1, 6* .6! = 1, hence also 6* ‘6, = 1, and 6 is an essential 
inclusion in Top,~. The notation 6 : Id + M intends to suggest that A46 is the topos 
classifying generalized measures (distributions) on d [20, 211, and that 6 induces the 
inclusion of the points of & into the measures on G, where a point p on 8 is regarded 
as the Dirac measure supported on p. 
Theorem 3.1. The data given by 6 : Id --f M is part of a KZ-doctrine on Top:/. 
A topos 8 over Y is an M-algebra ifs 6g has a rejection left adjoint ~8 in Top,y. 
Equivalently, G is an M-algebra ifs(S,), : d - Mb is Y-cocontinuous. A geometric 
morphism BL9 over Y, where B and 9 are M-algebras, is an M-homomorphism 
ifs the canonical 2-cell cf in 
(2) 
arising from the identity 2-cell 6.~ . f = Mf 68 and the adjointnesses ~8 -I 66 and 
~9 -I a,%, is an isomorphism. Also f is an M-homomorphism if f is Y-essential with 
f! left exact, where f! -1 f”. 
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Proof. A KZ-doctrine [ 171 on a 2-category %? consists of an endofunctor T : 9? - 
%Y, two natural transformations 9 : Id - T, p : T . T + T, and, for each C E %, 
a 2-cell 3”~ : TV, + qrc satisfying certain axioms TO-T3. Such KZ-doctrines are exem- 
plified by cocompletion processes. An op-KZ-doctrine is a 2-monad typified by a com- 
pletion process, so that the additional structure on the monad (T, q, p) is given by spec- 
ifying, for each C E W?, a 2-cell ICC : yrc + Tqc, satisfying axioms similar to TO-T3. 
The symmetric 2-monad (UC, r, UEC) on A is an op-KZ-doctrine, so that, for each 
A E A, there is given a 2-cell IC,~ : q~1.d + UC(q,~) which satisfies axioms TO-T3. In 
particular, for an Y-topos &, the 2-cell rcug induces a 2-cell in the opposite direction 
between the right adjoints. This gives, by taking opposites, a 2-cell i,a : M(~J) =+ 6~6. 
The verification of the axioms for a KZ-doctrine (M, 8,~~ A), where p = F’PE~PW’, 
is an immediate consequence of the validity of these axioms for the op-KZ-doctrine 
structure on the symmetric monad on A. 
It follows from the general theory of KZ-doctrines [17] that, for (M,6, p, A), a topos 
8 E Top:/ is an M-algebra iff the unit 66 : & - Mb has a reflection left adjoint 
~6 : A46 --+ 6. A brief analysis shows this condition to be equivalent with the 
existence of a further right adjoint (6~)~ -I (6,)+. Since (6~), is a functor between 
Y-bounded toposes, it has a right adjoint iff it is Y-cocontinuous. 
It also follows from the general theory that, in the present setting, a geometric 
morphism & L F between M-algebras is an M-homomorphism iff the canonical 2- 
cell [f (see (2)) is an isomorphism. As shown in [17] (Proposition 2.5) and applied 
here, a sujicient condition for a geometric morphism f to be an M-homomorphism is 
the existence of a right adjoint f i g in Top,~. Analyzing this situation shows that we 
must have, equivalently, g* -I g+ N f * -1 f+ and that therefore, f is Y-essential with 
f! N g*, therefore lex. q 
Example 3.2. 1. Consider the line 9 = MY = Y[U], the object classifier in Top:/, 
and the unit 6,~ : Y --+ .9-S?‘, which is easily seen to be “supported on l”, i.e., corre- 
sponds to the object 1 in 9. Since 6, is Y-continuous, Y is an M-algebra, and since 
li! is lex, 6,~ is an M-homomorphism. 
2. The line 9 is also an M-algebra, in fact it is a free one. Denote its structure 
map by J:M.% - 9 The latter gives the action of distributions on 6 by objects of 
8, as follows. If %LM& is the geometric morphism corresponding to a distribution 
F 9 2 9, and if cp is the geometric morphism corresponding to an object X E I, then 
the evaluation F(X) is the object of 99 whose corresponding geometric morphism is 
the composite 
Corollary 3.3. Let & be an M-algebra. Then for each 93 E Top,~, Top~~(9’,&) is .Y- 
cocomplete, naturally in 3. Zf d LF is an M-homomorphism between M-algebras, 
then the induced functor Topy(9,6) - Top,v(FJ, 9) is Y-cocontinuous. 
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Proof. If 8 is an M-algebra, d is a retract of Mb, hence Topy(9,&) is a retract 
of Topy(9,Mb) S’ Cocty(b, S), which is Y-cocomplete, hence also Topy(9, &‘) is 
Y-cocomplete. 
If 6 L F is an M-homomorphism, then Topy( FS,l?) - Topy( $9, S) is obtained 
by restriction from the corresponding Topy(S,Md) - Topy(2?,MF), equivalently 
given by composition with f *, as a fiurctor Coct,~(G, Y) --+ Coct~4~(9,9). Since the 
latter is Y-cocontinuous, so is the former. 0 
Remark 3.4. The reader wishing to investigate the validity of the converse of 
Corollary 3.3 (which we ignore) should be aware that Topy(S,Md) cannot be the 
free Y-cocompletion of the Y-category Topy(Y, &) since there exist locally connected 
Grothendieck toposes without points. If d is such a topos, then Top,,(Set,b) is vac- 
uous, but Top,,(Ser,Mb) contains a copy of Set, by the local connectivity of 6. 
We now turn to a comparison between the symmetric (or distributions) monad A4 
on Topy, and the lower power locale 2-monad on Loc,~. In the process, we encounter 
the lower bagdomain 2-monad on Topy and related constructions. 
Power locales are so named because the points of any such locale P(X) correspond 
to sets of points of the original locale X. The idea of replacing sets by bags (indexed 
families) of points led to toposes [31], and subsequently to the lower bag-domain 
L&(8) as the classifying topos of bags of points of the topos 8. From this point of 
view, the bagdomain topos is a generalized lower power locale construction. 
The symmetric topos M& can also be regarded as a generalized lower power locale, 
for the following reasons. First, there are similar constructions for Mb and Pr(X) as 
coinverters [5, 61, in which both involve lex completions of the sites of definition, and 
second, for X a locale, the localic reflection of M(S/z(X)) is Z’L(X) [6] (this is also 
true of 9&(%(X)) [16]). In addition, the pure dense/complete spread factorization of 
Section 2 bears an analogy to the strongly dense/weakly closed factorization for sublo- 
tales [14], and whereas Pr(X) classifies weakly closed sublocales with open domain, 
Mb classifies complete spreads with locally connected domain. We will examine this 
fact more closely, and supply further evidence supporting the claim that the symmetric 
topos is a generalized lower power locale. 
Pitts [25] has shown that if in a bicomma square 
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of locales, the “lower” leg f is essential, then g is open. Using this, Vermeulen [30] 
proved that the bijection between points of the lower power locale P,(X) and weakly 
closed sublocales of X with open domain can be given by forming the comma square 
of a point of &(X) and (as the lower leg) the canonical inclusion X + PL(X). For 
an essential geometric morphism, the morphism opposite it in a bicomma square is 
locally connected (and the BCC condition is satisfied), also shown by Pitts [26]. We 
give below a new proof of this result using the characterization of the points of A48 
in terms of complete spreads with locally connected domain. Throughout, by a comma 
square we really mean a bicomma square. 
Proposition 3.5. Assume that cp in the diagram 
is an essential geometric morphism. Let 
be the complete spread with locally connected g-domain corresponding (by Theo- 
rem 2.13) to the cocontinuous jiinctor 
Then there is a canonical 2-cell u : l*q* + y*$* for which the diagram 
is a comma square in Top,~. 
Proof. By construction (see Theorem 2.13) we have y!(&y)* = (l,$)*(l x cp)!, and 
also y!iL* = $*cp!. The latter isomorphism we denote by i. Then let u : A*q* =+ y*$* 
correspond under y! i y* to the 2-cell 
28 M. Bunge, J. Funk1 Journal of Pure and Applied Algebra I I3 (1996) 1-38 
where E is the counit of cp! i q*. Suppose we have 
in Topy. This gives rise to a diagram 
in Topy. Let (E,J,) be a presentation of 6’ 2 9’. Then we have the g-site g*E for 
3 x y & over 9 as in the pullback 
By construction, the Y-site C giving 9 2 9 in terms of g*E has objects all pairs 
(E,c), E E E and c E pi*E. Morphisms (E,c) -+ (E’,c’) are morphisms E 5 E’ such 
that y!l*(x)(c) = c’. Define H : C - 2 such that for (E,c) E C, H(E, c) is the 
pullback 
ME, c> * 1 
I I B’c 
Y*E Y*(lx 9) * Y*(~xPYU~O!E s(t) 
* P*W>*(lxcp),E 
in 9. Here, y denotes (/3,l), and q denotes the unit of cp! i 9’. It follows that H 
is flat and cover preserving, and so determines a geometric morphism %’ A 2’. It 
is immediate that (fi, 9) N (y, A)S, and hence there is an isomorphism j : 26 2 (. Then 
there is an isomorphism k : y6 = po(y, A)6 = PO@, C) ci p, and we have t. cpj = $k. ~6. 
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Theorem 3.6. 1. (Pitts [26]) Zf the lower leg in a comma square in Top9 is essential, 
then the geometric morphism opposite it is locally connected. Moreover, the Beck- 
Chevalley condition is satisfied. 
2. For toposes F, 9 over 9, let CSJ” (see below) denote the category of complete 
spreads over 9 x 9 8 = g#& with locally connected %domain. Then the functor which 
associates with a geometric morphism 3 --%MIL% the complete spread (y, A) : _Y - 
g’&, where 
is a comma square, is an equivalence Topy(9,Md) 2 c&“. 
Proof. 1 is clear from the proof of Proposition 3.5. The passage described in statement 
2 is isomorphic to the series of equivalences 
To~~~(~?,M&) ” Cocts,(S,S) = Coctsg(g’&,%) 2 c&‘e, 
where the last equivalence is by Theorem 2.13. 0 
The lower power locale PL(X) enters also into the characterization of open locales 
[32]. This result says that a locale X is open iff the locale-based fibration induced 
by PJ_(X) has a terminal object. We will establish a corresponding result for toposes, 
replacing PL(X) by ME and “open” by “locally connected”. To do this, we first set 
down some terminology. 
Let X denote an arbitrary 2-category. By a Jibration on X we mean a homomorphic 
bifunctor [3] & : ~47’ - CAT. For every O-cell K E X, we denote the category 
zZ(K) by dK, for every l-cell J f, K, the functor d(f) by f”, and for every 2-cell 
f 5 g, the natural transformation d(t) by t*. For any O-cell K E X, the representable 
fibration X(_, K) will be denoted by Z?. 
For any topos d --% Y, we now define a fibration on Top9 which we denote by c&. 
For 959, the fiber CSJ” IS the category of complete spreads over Y x,~ F = g”6 
with locally connected g-domain. For any geometric morphism 9 -% 9, the hmctor 
p* (not to be confused with the inverse image functor p* ) associates with a complete 
spread Y&g’& the pullback 
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In view of Theorem 3.6(Z), the left side of this pullback is a complete spread (with 
locally connected F-domain) since the composite of a pullback on the left of a comma 
square is again a comma square. For any natural transformation p 5 q between geo- 
metric morphisms over 9, there is a natural transformation t* such that for any com- 
plete spread _.Y 5 $8, 1: is a geometric morphism fz : p*(q) - q*(cp) over f’&“. 
Corollary 3.7. cSg is naturally equivalent to the representable fibration Mb. This 
equivalence is given at “stage” 9 59 by the comma square construction described 
in Theorem 3.6(2). 
The comma pair (Z,A) I (J,B) of two objects (Z,A) and (J,B) in a fibration .c9 on 
X consists of data (P, p, q, u), where 
4 
P-J 
are O-cells and l-cells in X, and p*A 5 q*B is a morphism in dp, which is universal 
in the sense that if (H, m, n, t) are any other such data, then there is an essentially unique 
l-cell H f P and isomorphisms m A pf, n L q f such that 
m*A f n*B 
‘* 
‘A I I 6 
f l P*A r f*q*B 
commutes. The next two lemmas follow immediately from the definitions. 
Lemma 3.8. A diagram 
Y 
P-J 
P I I b 4; 
I.-K 
is a comma square in X [f (P, p,q, u) is the comma pair (I,a) l (J, 6) in the ,jibra- 
tion I?. 
A fibration d will be said to have a terminal object if for every O-cell H E X, the 
category d H has a terminal object TH, and furthermore, if these terminal objects are 
stable under the transition fimctors, i.e., if for every l-cell H f, I in X, the unique 
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morphism f*(T[) --f TH is an isomorphism. (If X has a pseudo-terminal object 1,~) 
then for any K t X, the representable K has a terminal object iff the essentially unique 
l-cell K + 1.x has a right adjoint.) 
Lemma 3.9. Assume that the 2-category X has pseudo-products. Let d he a jibra- 
tion on X, and assume that d has a terminal object. Then for any objects I,J E tx‘, 
and any object A t G?‘, the data 
PI 
IxJ - J 
PU I 
I 
and the unique map p:A + pf TJ comprise the comma pair (I, A) l (J, T,,). 
Theorem 3.10. Let B 2 9’ be an object of Topy. Then y is locally connected ifl 
the representable fibration Mb on Topy has a terminal object. 
Proof. Assume that MC” has a terminal object. In particular, this says that there is 
a terminal object T E Topu(Y,M&‘). Let u denote the unique natural transformation 
6 + T y, where d -% MF is the canonical essential inclusion. By Lemmas 3.8 and 
3.9, the square 
is a comma square in Top~y, and so by Theorem 3.6(l), y is locally connected. 
Conversely, assume that ‘/ is locally connected. Then the fibration c& has a ter- 
minal object. In fact, for any topos Y 5 Y, the terminal object Ty in c&” is the 
complete spread g”b 1, g”&. Moreover, it is clear that for any geometric morphism 
F 5 9, we have p*(Tq) N T,F. By Corollary 3.7, the proof of Theorem 3.10 is 
complete. 0 
The essential inclusion 6 factors through the bagdomain G&_& by essential inclusions 
as in the following diagram: 
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These morphisms are induced by corresponding site inclusions 
(c,J) + GpJfp> -+ (c*,J*), 
where (C, J) is a site definition of &, C, is the jinite products completion of C (this 
site for 9&,& is described in [16]), and C* is the lex completion of C (the site for 
Mb in terms of one for d [5, 61). 
From the point of view of the models of the theories which these toposes classify, 
the geometric morphism B - Bt_& corresponds to forgetting that a lex cocontinuous 
functor & - 9 preserves the terminal object, whereas go& - Mb corresponds 
to forgetting that a pullback preserving cocontinuous mnctor preserves pullbacks. For 
this, recall [31, 161 that 9$,b classifies bags of points of 6, or partial points (i.e., 
pullback-preserving cocontinuous functors d - 9 over Y), and that Mb classifies 
distributions on & (i.e., cocontinuous functors 6 + 9). 
The above comparison can also be made in terms of complete spreads. M classifies 
complete spreads with locally connected domains, and &?L classifies complete spreads 
whose domains have totally connected components, in the following sense. 
Definition 3.11. A topos 9 -% Y will be said to be totally connected (have totally 
connected components) if it is locally connected and the left adjoint d! is left exact 
(preserves pullbacks). 
Proposition 3.12. A topos 9 5 Y has totally connected components ifs there is an 
I E Y and a factorization 9 + Y/I - Y such that the TopCY,,-jibration 9 has a 
terminal object (in which case I is uniquely determined as d! 1). Such a topos has a 
pure dense bag of points, i.e., there is an I E 9, and a pure dense geometric morphism 
9’11 - 9 over 9. If a topos 9 over Y has a pure dense bag of points, and 
furthermore has the property that its deJinable subobjects are closed under arbitrary 
union (see Proposition 2.7), then 9 has totally connected components. 
Proof. Assume that 9 has totally connected components. Let I = d! 1, and factor d 
as 9 5 Y/Z - 9, where 2 is locally connected such that d! is lex. Thus, there 
is a geometric morphism 9/Z -% 9 such that p* is d! and p* is J*. Then for 
any 9 5 Y/I, p . g is terminal in Top y,I( 9,9) since its corresponding distribution 
g’ . p* = g* . d! is the terminal such (its corresponding Y/Z-complete spread over 9 
is the identity on 9 x Y). Now assume that there is an I E Y and a factorization 2 of 
d through Y/I such that 3 has a terminal object as a Top,,,-fibration. In particular, 
there is a terminal geometric morphism Y/Z Lg. We want to show that p* -I d* so 
that d is locally connected with d! lex, whence 9 has totally connected components. 
There is a (unique) natural transformation 1~ 5 d* . p* since p is stably terminal. 
Let i denote the structure isomorphism p* . 6* = 1. The triangle identity on the left 
below holds since t is over Y/I. The identity on the right holds since there is only 
M. Bunge, J. Funk/ Journal of Pure and Applied Algebra 113 (1996) l-38 33 
one natural transformation p* + p*. 
-* 
d P* 
If 9 has totally connected components, then the geometric morphism p is pure 
dense over Y since from p* = d! we obtain Cl . p* N d!. Conversely, but under the 
stated proviso, a topos 9 with a pure dense bag of points is locally connected with 
C,. p* N d! (Proposition 2.7). Thus, d! preserves pullbacks, i.e., 9 has totally connected 
components. 0 
Note that a pure dense geometric morphism Y/I - 9 over Y is an inclusion. 
This is because any geometric morphism Y/I - 9 is a spread over 9, so that 
Proposition 2.4(3), applies. 
Corollary 3.13. An Y-topos 6 is locally connected ifSM& is totally connected. 
Proof. This follows from Proposition 3.12 and Theorem 3.10. 0 
Theorem 3.14. 9~ classijes complete spreads whose domains have totally connected 
components. Equivalently, a geometric morphism 3Lkfd factors through WL& tfs 
the B-domain of the corresponding complete spread 9 --+ g”d for the comma square 
has totally connected components (in which case the resulting inside square is a 
comma square). 
Proof. i?&.& classifies bags of points of 6. For example, points Y - 98~8 correspond 
to diagrams 
(3) 
Let us now show that, in turn, these correspond to complete spreads whose domains 
have totally connected components. Let 9’~ --!+Y denote the completion of the spread 
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cp in diagram (3). 91 is the locally connected middle topos in the pure dense/complete 
spread factorization of cp, so that _!??I --f F is a complete spread whose domain has 
totally connected components (by Proposition 3.12). On the other hand, if we start with 
such a complete spread Y, - 8, then we know there is a (pure dense) geometric 
morphism Y/l! 1 - Y which when composed with S!? - 8 gives a bag of points 
of 8. These two passages are mutual inverses (up to isomorphism). 0 
Theorem 3.17 below expresses another connection between A4 and Br. Denote by 
C& the topos classifier of probability distributions on 8, i.e., of cocontinuous timctors 
& + 9 which preserve 1. Probability distributions correspond to complete spreads 
with connected locally connected domain. This follows by Theorem 2.13 in view of 
the fact that a locally connected geometric morphism y is connected iff y! 1 = 1. 
Theorem 3.15. For any topos d over Y, there is a subtopos C& of Mb which clas- 
sifies probability distributions. Furthermore, there is a factorization 
where 8 is essential and satisfies $1 = 1. A geometric morphism 9 5 MG factors 
through Cb ifs in the comma square 
y is connected (in which case the resulting inside square is a comma square). 
Proof. Let CB denote the subtopos of Mb given by the least topology forcing the 
morphism 6! 1 + 1 to be an isomorphism [ll, 3.59 (iv)]. Then a geometric morphism 
9LM& factors (uniquely) through C6 iff p*6! 1 N 1 iff y! 1 -y!A*l = 1 iff the locally 
connected y is connected. Note that 6 factors through C6 since 6*6! 1 rr 1. We have 
6* = o*i,, and since i*6! -I 6*i,, 8 is essential with $1 = i*6!1 = 1. 0 
We remark that in terms of models of the theories classified by these toposes, 8 
corresponds to forgetting that a lex cocontinuous functor B + B (i.e., a geometric 
morphism 9 -+ S) preserves pullbacks, and the second factor corresponds to forgetting 
that a l-preserving cocontinuous functor 8~ 9 (i.e., a geometric morphism 9 + CG) 
preserves 1. 
The proof of Theorem 3.17, given below, relies on the following. 
Lemma 3.16. Let d % 9 have locally connected domain. Then in the canonical 
factorization 
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cp is a complete spread over Y ifs Q!I is a complete spread over Y/e! 1. (Here, $* is 
given by pullback of cp* along the unit ~1 : 1 + e*e! 1.) 
Proof. Let I denote e!l, and let (D,Jf) be a site for 9 over .Y. We compare the 
complete spread site for $ over Y/I, but described from the point of view of 9, 
with the complete spread site for cp over Y. In order to do this, first observe that a 
morphism A + B in 8 is Y/Z-definable iff it is Y-definable. In fact, this is clear from 
the following diagram in which the bottom two squares are pullbacks: 
A-----B 
I I I 
e*e!A ---- e*e,B - e*e! 1 
Next, we analyze Ic/. Given X 5 f*Z, and a component 1 -% Z, consider the pullback 
Then the action of $ in its relation to cp is summed up in the following diagram: 
**xc bc w **x 
cp*X, 
J*/ 
1 
c-p I/’ I:/; cp*x 71 
1 e*c e*I 
Every face in this diagram is a pullback, and the morphism a, is a definable monomor- 
phism since c -+ 1 is. Here, x, is the object XC + 1 ‘2 f 'I. An object of the complete 
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spread site for II/ is an Z-indexed family X 2 f *I of objects of D paired with an 
Y/Z-definable (equivalently, Y-definable) subobject of +*x, but viewed, by pullback 
along the b,‘s, as an Z-indexed family of Y-definable subobjects {SC -+ $*x, 1 c E I}. If 
II/ is a spread over Y/I, then these families generate d over Y/I. Since the composite 
of a definable S, -+ r+Pxc with the corresponding a, yields a definable subobject of 
cp*X,, it follows that the definable subobjects of the cp*X,, now considered individually, 
generate d over 9. This says that cp is a spread. Conversely, if cp is a spread, then 
by considering the constant families X x f *I + f *I, X E D, we see that $ is a spread 
over Y/I. 
A similar analysis can be given for completeness. 0 
Theorem 3.17. Let d denote an arbitrary topos over Y. Then Mb ?Z B~(c(8)). 
Proof. Let s denote the fibration of complete spreads with connected locally con- 
nected domain. It will be shown that the fibration c& is the free Y-coproduct com- 
pletion [16] of s. I.e., it will be shown that there is an equivalence 
(4) 
of %-indexed categories, which is natural in 9. Then the theorem follows from 
---_g 
Theorems 3.15 and 3.6 (2). A typical object of Famg(c& ) (in the fiber over 1 t 9) 
is a pair (J E 9, $), where in 
(5) 
$ is complete spread over 9/J and F is connected locally connected. By Lemma 3.16, 
the outer perimeter of this diagram describes an object of c&“. Conversely, given a typ- 
ical object of c&“, as described by the perimeter of (5), we factor 929 into a con- 
nected locally connected morphism followed by a local homeomorphism. The front half 
--9 
of this factorization produces, again by Lemma 3.16, an object of Famy(cSg ) (with 
J = y! 1). The uniqueness of the clc/lh factorization gives the equivalence (4). 0 
The following diagram, depicting the two canonical factorizations of & --% Mb, 
summarizes the situation: 
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In terms of the domains of the complete spreads classified, this diagram corresponds 
to the following: 
tot. corm. 
/‘“‘“““‘“‘“\ 
totally 
connected 
locally 
connected 
\conn. lot. / 
connected 
We conclude with a comment concerning another topos C’B for which it is also true 
that 
M(b) 2 ?BL(c’(a)). (6) 
Given a site (C,J,) for 8, there is induced a site whose underlying category T is taken 
to be the finite connected limit completion of C. (We use here only that this 
construction exists [27].) Let C’b be defined as the topos of sheaves on the site (with 
underlying category) T. By results of Carboni and Johnstone [7], the finite product 
completion of T must be the lex completion e of C. There are functors C + T -+ 
C* which induce geometric morphisms 8 - C’B - Md, and it follows from 
the previous remark that (6) holds. It seems reasonable that C’b should also classify 
probability distributions, and thus be equivalent to Cb, but at present this is not known 
to the authors. 
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